Abstract
existence of a path in the underlying graph between s and t the problem is N P-complete as was shown 23 recently by the first author and Kriesell.
24

Theorem 1.4 [5] It is N P-complete to decide for a given digraph and specified vertices s, t of D
25
whether D contains a directed (s, t)-path P such that U G(D − A(P )) contains a path from s to t.
26
The proof of Theorem 1.4 does not generalize to the case of directed spanning trees. Furthermore, 27 the fact that in Problem 1.3 we want spanning subdigraphs and that one of these does not have to 28 respect the orientation of the arcs could indicate that there might be a nice characterization or at 29 least a polynomial algorithm for testing the existence of a non-separating out-branching. However, 30 we are going to prove the following which implies that such a characterization does not exist unless 
34
We shall also prove that a number of related problems are NP-complete. In particular we prove the 35 following which can be considered slightly surprising given that if a positive solution exists then the 36 number of arcs in the two sets is either n and n or n + 1 and n − 1 where n is the number of vertices of 37 the given digraph, that is, either the strongly connected spanning subdigraph is a hamiltonian cycle 38 or it has just one more arc than a hamiltonian cycle. A digraph is k-regular if every vertex has 39 precisely k-arcs out of it and k-arcs into it. 
Main proofs 1
Proof of Theorem 1.5: The reduction used here uses the same type of variable gadget as the one used 2 in the proof of Theorem 1 of [7] 2 . We shall show how to reduce 3-SAT to the problem of Theorem 1.5.
3
Let H be the digraph on 7 vertices {a 1 , a 2 , a 3 , b 1 , b 2 , b 3 , c} and arcs proof is a refinement of the proof of Theorem 6.1.3 in [1] ).
17
We recall from [1] that a k-path factor of a digraph H is a collection of k vertex disjoint paths Proof: We will reduce the Not-All-Equal 3-SAT (NAE-3-SAT) problem to the problem of deciding 22 whether a 2-regular digraph has two arc-disjoint hamiltonian cycles. Consider the following digraph
(see Figure 3 ). It is easy to verify that the digraph H(x, y, z) has the following properties: 
Figure 4: An illustration of the digraph D I for the formula
For convenience only the six important vertices of each H i is shown and in the middle column of each H i we show the 3 literals in the order they appear in C i . Thus the top literal corresponds to the two top vertices etc.
(i) Every hamiltonian path P of H(x, y, z) starting at x 1 (y 1 , z 1 , respectively) terminates at x 6 (y 6 , 1 z 6 , respectively). Furthermore, when P is a a hamiltonian path from x 1 to x 6 then H(x, y, z) − A(P ) 2 has a 2-path factor R ∪ S and for every such 2-path factor of H(x, y, z) − A(P ) (by renaming if 3 necessary) R is a (y 1 , y 6 )-path and S is a (z 1 , z 6 )-path. Similarly, when P is a hamiltonian path from 4 y 1 to y 6 or from z 1 to z 6 .
5
(ii) Let P ∪ Q be a 2-path factor of H(x, y, z) such that the path P starts at x 1 and the path 6 Q starts at y 1 . Then P terminates at x 6 and Q at y 6 . Furthermore,
hamiltonian path starting at z 1 and terminating at z 6 . Similarly for the pairs x 1 , z 1 and y 1 , z 1 .
8
(iii) Let P ∪ Q ∪ R be a 3-path factor of H(x, y, z) such that the paths P, Q and R start at x 1 , y 1 9 and z 1 , respectively. Then P, Q and R terminate at x 6 , y 6 and z 6 , respectively. Furthermore, after 10 removing the arcs of P ∪ Q ∪ R we obtain 6 vertex disjoint 3-cycles with no arcs between them.
12
We are going to use H(x, y, z) as a building block in a bigger digraph below and since we will 13 only connect the vertices x 1 , x 6 , y 1 , y 6 , z 1 , z 6 to other parts of the digraph, we will use the names 14
x, x ′ , y, y ′ , z, z ′ for these below and denote the subdigraph by H(x, x ′ , y, y ′ , z, z ′ ).
15
Consider an instance I of NAE-3-SAT with variables v 1 , . . . , v k and clauses C 1 , . . . , C p . Since
16
we require that every clause contains both true and false literals in any satisfying truth assignment,
17
we may assume that every variable and its negation appear in I as literals (otherwise we can add 18 negated copies of some of the clauses). Construct a digraph D I as follows: start from a disjoint union
.
20
For 
18
It is easy to verify that D is 2-regular.
19
Suppose I is a 'yes' instance of NAE-3-SAT and consider a satisfying truth assignment t. Note 20 that the complementary truth assignmentt (where we set a variable true if and only if it is false in 21 t) is also a satisfying truth assignment for I. We will show how to construct arc-disjoint hamiltonian we let C contain the arc w j u j+1 , the arc from u j to H vj ,1 , the arc from H vj ,pv j to w j and all the arcs 24 from H vj ,i to H vj ,i+1 , i = 1, 2, . . . , p vj − 1 that were described above corresponding to the occurrences taken modulo k) we define C ′ from the truth assignmentt.
30
Since every clause is satisfied by t, the cycle C uses vertices from each digraph in the disjoint union hamiltonian cycle and it is arc-disjoint from C by the way we constructed it.
35
Suppose now that D I has a pair of arc-disjoint hamiltonian cycles C, C ′ . It follows from (iii) above 36 that none of the cycles C, C ′ passes through any H j more than two times. Hence if we set v j = 1 if
37
C uses the arc from u j to H vj ,1 and false otherwise, then we obtain a truth assignment t such that 
49
Proof: We leave it to the reader to make the easy check that Q has no hamiltonian cycle. That
50
(ii) holds is clear so it only remains to prove (iii). Let Q ′ be any strong spanning subdigraph of Q So Q ′ contains v 5 v 4 but not v 3 v 4 . Analogously to above we note that
contain two vertex disjoint 2-cycles we note that v 2 v 6 ∈ A(Q ′ ) and v 1 v 2 ∈ A(Q ′ ). However we have 9 now identified 7 arcs of Q ′ , but they do not form a strong subdigraph, a contradiction. ⋄ 1.5 shows that the following holds. Proof: The proof of this is almost identical to the one above since every path P from s to t above vertices in an out-branching from s whose (s, t)-path is the one formed by using the opposite route of 33 P through each variable gadget. ⋄ Theorem 3.5 It is N P-complete to decide for a given strongly connected digraph of a given digraph D contains two vertex disjoint cycles C, C ′ such that C is also a cycle in D. 
